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Abstract
This work comprises a detailed theoretical and computational study of the boundary value problem
for transversely isotropic linear elastic bodies. General conditions for well-posedness are derived
in terms of the material parameters. The discrete form of the displacement problem is formulated
for conforming finite element approximations. The error estimate reveals that anisotropy can play
a role in minimizing or even eliminating locking behaviour, for moderate values of the ratio of
Young’s moduli in the fibre and transverse directions. In addition to the standard conforming
approximation an alternative formulation, involving under-integration of the volumetric and ex-
tensional terms in the weak formulation, is considered. The latter is equivalent to either a mixed
or a perturbed Lagrangian formulation, analogously to the well-known situation for the volumetric
term. A set of numerical examples confirms the locking-free behaviour in the near-incompressible
limit of the standard formulation with moderate anisotropy, with locking behaviour being clearly
evident in the case of near-inextensibility. On the other hand, under-integration of the extensional
term leads to extensional locking-free behaviour, with convergence at superlinear rates.
Keywords: solids, finite element methods, elasticity
1
ar
X
iv
:1
80
7.
09
16
8v
2 
 [m
ath
.N
A]
  3
1 O
ct 
20
18
1 Introduction
Anisotropy is a significant mechanical feature of composite materials, for example, in the aerospace
and automotive industries. It occurs naturally in crystalline structures, geotechnical materials,
and in the mechanical properties of biological media such as muscles, tendons, or bones (see
for example [1, 2, 3, 4]). Fibrous or fibre-reinforced structures are generally modelled as trans-
versely isotropic materials, with the plane normal to the fibre direction corresponding to a plane of
isotropy. Important early contributions to the mechanics of fibre-reinforced materials include the
works [5, 6, 7]. The monograph [8] gives a detailed presentation of the mechanics of anisotropic
materials.
Early work on the linear problem, in addition to some of the works cited above, includes the
investigations [9, 10] of uniqueness and local (pointwise) stability for materials with the constraint
of inextensibility. There have been extensive theoretical and computational studies carried out of
the behaviour of transversely isotropic materials, or the closely related topic of inextensible or near-
inextensible materials, in the context of hyperelasticity (see for example the key works [11, 12, 13]).
Mixed finite element approximations leading to stable formulations have been developed and
implemented for near-incompressibility and near-inextensibility in [14], while transverse anisotropy
has been studied, also using various mixed finite element formulations, in [15, 16]. A mixed
approach allied with a Lagrange multiplier or perturbed Lagrange multiplier formulation of the
inextensibility constraint forms the basis of a computational study in [17]. In earlier work, a
corresponding numerical study, using a mixed three-field approach for the linear problem, has
been carried out in [18]. The recent contribution [19] presents a locking-free implementation for
nonlinear transversely isotropic elasticity, the inextensibility constraint in the fibre direction being
accommodated using a perturbed Lagrangian formulation. A corresponding treatment of the
small-strain problem has been the subject of [20], in which limiting extensibility is investigated
numerically using penalty, Lagrange multiplier, and perturbed Lagrangian approaches.
A model of a bi-directional elastic composite has been developed in [21], and studied computa-
tionally for the case of plane deformations, as an extension of earlier work [22] on single families
of fibres. The work [23] extends conventional studies of transverse isotropy by developing a model
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in the context of nonlinear elasticity, in which the fibres are assumed to be resistant to flexure
and twist, in addition to extension.
There has been little work on the well-posedness of problems with internal constraints such
as inextensibility, in contrast to the many treatments of incompressibility. The investigation
[24] approaches the problem via a mixed formulation of Hellinger-Reissner type, and establishes
conditions on the elastic constants for the problem to be well-posed for inextensible materials,
and also for the case of orthotropy. Corresponding abstract results have been presented in [25]
for the case of non-homogeneous materials. In [2] conditions for pointwise stability are obtained
for materials in plane strain.
The purpose of this work is to undertake a detailed theoretical and computational study of the
behaviour of transversely isotropic linear elastic materials, with a view to establishing conditions
under which conforming finite element approximations are uniformly convergent in the incom-
pressible and inextensible limits. In this sense the present investigation extends considerably the
work reported in [20], by first establishing conditions for well-posedness of the continuous prob-
lem, then by establishing error estimates for conforming finite element approximations that shed
light on the conditions under which locking-free behaviour can be expected. It is shown that the
presence of transverse isotropy leads to behaviour that is volumetrically locking-free, in circum-
stances that would lead to locking behaviour for isotropic materials. In particular, in situations
of moderate anisotropy, when the ratio of Young’s modulus in the fibre direction to that in the
plane of isotropy is not too large, in a sense that will be made precise, volumetric locking-free
behaviour results for low-order elements.
A second contribution relates to the circumstances under which extensional locking-free behaviour
occurs for low-order elements. While the standard approximations do in fact exhibit locking, it is
shown that, analogous to the now classical result for near-incompressibility [26], under-integration
of the extensional term results in locking-free behaviour. This approach is shown to be equivalent
to a mixed formulation, as in the case of incompressible behaviour, and also to a perturbed
Lagrangian approach of the kind presented, for example, in [20].
The structure of the rest of this work is as follows. Section 2 sets out the details of constitutive
relations for transversely isotropic linear elastic materials, and establishes conditions on the mate-
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rial constants for pointwise stability. The weak form of the boundary-value problem is presented
in Section 3, and conditions for well-posedness derived. Section 4 is concerned with conforming
finite element approximations. The standard error estimate reveals the role played by anisotropy
in mitigating locking behaviour in the incompressible limit. An alternative approximation, em-
ploying under-integration of the volumetric and extensional terms, is related to a mixed as well as
a perturbed Lagrangian formulation. These various features are explored numerically in Section
5, through two sets of example problems. The work concludes with a summary of results and a
discussion of open problems.
2 Transversely isotropic materials
For a transversely isotropic linearly elastic material with fibre direction given by the unit vector
a, the elasticity tensor is given by [27, 28]
C = λI ⊗ I + 2µtI+ βM ⊗M + α(I ⊗M +M ⊗ I) + γM . (1)
Here I is the second-order identity tensor, I is the fourth-order identity tensor, M = a⊗a, and
M is the fourth-order tensor defined by
MR = MR+RM for any second-order tensor R . (2)
λ denotes the first Lame´ parameter, the shear modulus in the plane of isotropy is µt, µl is the
shear modulus along the fibre direction, and
γ = 2(µl − µt). (3)
The further material constants α and β do not have a direct interpretation, though it will be seen
that β →∞ in the inextensible limit.
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In component form, equation (1) becomes
CABCD =λδABδCD + 2µtδACδBD + βMABMCD + α(δABMCD +MABδCD)
+ 2(µl − µt)(δACMBD +MACδBD). (4)
The corresponding linear stress-strain relation for small deformations is then
σ = Cε
= λ(trε)I + 2µtε+ β(M : ε)M + α((M : ε)I + (trε)M) + γ(εM +Mε), (5)
in which σ and ε denote the stress and the infinitesimal strain tensors; tr ε denotes the trace of
ε, and M : ε = εa · a, obtained from the definition of M , gives the strain in the direction of
a. The special case of an isotropic material is recovered by setting α = β = 0 and µl = µt.
For the particular case in which a = e3, the stress-strain relationship can be written in matrix
form as
σ11
σ22
σ33
σ23
σ13
σ12

=

λ+ 2µt λ λ+ α 0 0 0
λ λ+ 2µt λ+ α 0 0 0
λ+ α λ+ α λ+ 2µt + β + 2α + 2γ 0 0 0
0 0 0 µl 0 0
0 0 0 0 µl 0
0 0 0 0 0 µt


ε11
ε22
ε33
2ε23
2ε13
2ε12

. (6)
2.1 The compliance tensor
It is also useful to have available the inverse of (5), and to find the compliance tensor S corre-
sponding to C; that is,
ε = Sσ. (7)
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We derive here an explicit form for S, using an approach that is more direct than that in [27].
First, from (5),
 trε
M : ε
 = 1K
2µt + β + α + 2γ −β − 3α− 2γ
−λ− α 3λ+ 2µt + α
 trσ
M : σ
 , (8)
and
εM =
1
2µt + γ
(σM −Mσ) +Mε, (9)
where
K = 2(λ+ α)(µt − α) + 2(λ+ µt)(2µt + β + α + 2γ). (10)
Substituting back into (5) and using (µtI + γM )
−1 =
1
µt(µt + γ)
[
(µt + γ)I − γM
]
, equation
(7) becomes
ε =
1
2µt(µt + γ)
[
(µt + γ)σ − γMσ − (µt + γ)(Aλ+ Cα)(trσ) I
− [µt(Aα + Cβ)− γ(Aλ+ Cα)] (trσ)M
− (µt + γ)(Bλ+Dα)I(M : σ)− [µt(Bα +Dβ)− γ(Bλ+Dα)]M(M : σ)
− γ(µt + γ)
2µt + γ
(σM −Mσ) + γ
2
2µt + γ
(MσM −Mσ)
]
,
where
A =
2µt + β + α + 2γ
K , B = −
β + 3α + 2γ
K , C = −
λ+ α
K and D =
3λ+ 2µt + α
K .
(11)
Next, we obtain expressions for the five material parameters in (5) in terms of five physically
meaningful constants, viz. Et: Young’s modulus in the transverse direction; El: Young’s modulus
in the fibre direction; and νt and νl: respectively Poisson’s ratios for the transverse strain with
respect to the fibre direction and the plane normal to it. The remaining constants are the two
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shear moduli µt and µl, and one may further define µt by
µt =
Et
2(1 + νt)
. (12)
Then, choosing the fibre direction to coincide with the basis vector e3, the compliance relation
has the alternate form [2]

ε11
ε22
ε33
2ε23
2ε13
2ε12

=

1
Et
− νt
Et
− νl
El
0 0 0
− νt
Et
1
Et
− νl
El
0 0 0
− νl
El
− νl
El
1
El
0 0 0
0 0 0
1
µl
0 0
0 0 0 0
1
µl
0
0 0 0 0 0
1
µt


σ11
σ22
σ33
σ23
σ13
σ12

. (13)
The nature of the Poisson’s ratios may be determined by considering some simple loading cases.
For the case of uniaxial stress in the x3-direction, with a = e3, the strains are given by
ε11 = − νl
El
σ33, ε22 = − νl
El
σ33 and ε33 =
σ33
El
. (14)
Thus
ε11 = ε22 = −νlε33 , (15)
so that νl determines the lateral contraction in the plane of isotropy, as a result of strain in the
longitudinal or fibre direction.
Similarly, considering the case of uniaxial stress in the (transverse) x1-direction, we have
ε11 =
σ11
Et
, ε22 = − νt
Et
σ11, and ε33 = − νl
El
σ11, (16)
so that
ε33 = −νlEt
El
ε11 . (17)
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Thus, lateral contraction in the fibre direction depends directly on the ratio of Young’s moduli
in the fibre and transverse directions. In the inextensible limit, when El/Et → ∞, there is no
lateral contraction in the fibre direction.
By inverting (13) and comparing with (6), the material parameters λ, α and β can be written in
terms of the engineering constants as
λ =
Et(ν
2
l Et + νtEl)
(1 + νt)(El(1− νt)− 2ν2l Et)
,
α =
Et [Elνl(1 + νt)− ν2l Et − νtEl]
(1 + νt)(El(1− νt)− 2ν2l Et)
, (18)
β =
E2l (1− ν2t )− E2t ν2l + EtEl(1− 2νtνl − 2νl)
(1 + νt)(El(1− νt)− 2ν2l Et)
− 4µl.
Henceforth, we set
El = pEt and µl = qµt . (19)
Thus p measures the stiffness in the fibre direction relative to that in the plane of isotropy, and
q is the ratio of the two shear moduli. Using (19) the expressions (18) become
µl =
qEt
2(1 + νt)
, (20a)
λ =
(νtp+ ν
2
l )
(1 + νt)((1− νt)p− 2ν2l )
Et, (20b)
α =
(νl − νt + νtνl)p− ν2l
((1 + νt)((1− νt)p− 2ν2l )
Et, (20c)
β =
(1− ν2t )p2 + (−2νtνl + 2qνt − 2νl + 1− 2q)p− (1− 4q)ν2l
(1 + νt)((1− νt)p− 2ν2l )
Et. (20d)
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2.2 Pointwise stability
The condition of strong convexity, or pointwise stability, is equivalent to the positive definiteness
of the strain energy [29]: that is,
εABCABCDεCD > 0 for any non-zero second-order tensor ε. (21)
From (4) we have
εABCABCDεCD = λ(trε)
2 + 2µt(ε : ε) + β(ε : M)
2 + 2α(trε)(ε : M) + 2γ(ε : εM)
=
(
λ+
2
3
µt
)
(trε)2 + 2µt|devε|2 + β(ε : M)2
+ 2α(trε)(ε : M) + 2γ(ε : εM).
Here dev ε = ε− (1/3)(tr ε)I is the deviatoric part of the strain. We assume that
Et, El > 0, giving p > 0, (22)
we further assume that
µl ≥ µt > 0, implying γ ≥ 0 (23)
and from equation (12), νt > −1.
We note that ε : M = εa · a and ε : εM = |εa|2, with |εa|2 ≥ (εa · a)2, then
εABCABCDεCD ≥(λ+ 23µt)(trε)2 + (β + 2γ)(εa · a)2 + 2α(trε)(εa · a)
+ 2µt|devε|2 . (24)
We can obtain the pointwise stability condition by establishing conditions such that the right
hand side of the inequality (24) is strictly positive; that is A+ 2µt|devε|2 > 0, with
A =
(
λ+
2
3
µt
)
(trε)2 + (β + 2γ)(εa · a)2 + 2α(trε)(εa · a). (25)
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The discriminant of A, treated as a quadratic function of trε and εa · a, is
∆ = 4
[
α2 −
(
λ+
2
3
µt
)
(β + 2γ)
]
(26)
We assume that
λ+
2
3
µt > 0 , (27)
so that if ∆ < 0, then A > 0 and we have pointwise stability.
We have
λ+
2
3
µt =
(2νt + 1)p+ ν
2
l
3(1 + νt)[(1− νt)p− 2ν2l ]
Et > 0, (28)
which is true iff (2νt + 1)p+ ν
2
l > 0 and (1− νt)p− 2ν2l > 0,
OR (2νt + 1)p+ ν
2
l < 0 and (1− νt)p− 2ν2l < 0.
(29)
Now
(1− νt)p− 2ν2l < 0⇐⇒
(1− νt)p
2
< ν2l . (30)
If this holds and (2νt + 1)p+ ν
2
l < 0, it follows that
(1− νt)
2
< −(2νt + 1)⇐⇒ νt + 1 < 0, (31)
which contradicts the assumption νt > −1. Therefore, (27) is equivalent to the conditions
(2νt + 1)p+ ν
2
l > 0, (32a)
and (1− νt)p− 2ν2l > 0. (32b)
The second condition is the same as that obtained in [2, 30]; and it implies that νt < 1.
We return to (26) for the discriminant, and by using the expressions of the material parameters
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in (20), rewrite this as a function of p as follows:
∆ =
4E2t
3(1 + νt)2 ((1− νt)p− 2ν2l )2
[
(ν2t − 1)
(
2νt + 1
)
p3
+
{[
4ν2t + 6νt + 2
]
ν2l +
[− 2ν2t + 2]νl − ν2t + 1}p2 + {[− 4νt − 4]ν3l + [− 2νt − 2]ν2l }p
]
= − 4E
2
t
3(1 + νt)2 ((1− νt)p− 2ν2l )
(
(νt + 1)
(
2νt + 1
)
p2 −
[
(2νt + 2)νl + νt + 1
]
p
)
= − 4E
2
t p
3(1 + νt)
(2νt + 1)p− (2νl + 1)
(1− νt)p− 2ν2l
.
From this expression, with (32b), we have ∆ < 0 iff
(2νt + 1)p− (2νl + 1) > 0. (33)
Furthermore, (33) implies (32a) since
0 ≤ (νl + 1)2 = ν2l + 2νl + 1
so that
2νl + 1 ≥ −ν2l . (34)
Combining (34) with (33), we obtain (32a).
We summarise as follows: sufficient conditions on the material constants for the elasticity tensor
to be pointwise stable are
µl ≥ µt > 0, p > 0, νt > −1, (35a)
(2νt + 1)p− (2νl + 1) > 0, (35b)
and (1− νt)p− 2ν2l > 0. (35c)
We illustrate these conditions with some examples.
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(a) Assuming νl = νt = ν, the zones of admissible values of p and ν corresponding to the
inequalities (35b) and (35c) are shown in the cross-hatched areas in Figure 1.
2.0 1.5 1.0 0.5 0.0 0.5 1.0 1.5
0.5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
p
(2 + 1)(p 1) > 0
(1 )p 2 2 > 0
Figure 1: Admissible values for p and ν, according to the inequalities (35b) and (35c)
(b) If we choose p = 1, then (35b) is equivalent to
2νt + 1 > 2νl + 1⇐⇒ νt > νl
Equation (35c) is equivalent to
1− νt > 2ν2l ⇐⇒ |νl| <
√
1− νt
2
Then, for example, for νt = 0.5 we have −0.5 < νl < 0.5.
Remarks
1. The expression of ∆ is independent of q; in fact,
β + 2γ =
(1− ν2t )p2 + (−2νtνl + 2νt − 2νl − 1)p+ 3ν2l
(1 + νt)((1− νt)p− 2ν2l )
Et;
thus conditions for pointwise stability hold for any value of q ≥ 1.
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2. For the special case νt = νl and p = 1, we have β + 2γ = 0 and α = 0, so that
A =
(
λ+
2
3
µt
)
(trε)2,
in which case λ + 2
3
µt > 0 is sufficient to ensure A > 0 provided only that trε 6= 0, and
therefore λ+ 2
3
µt > 0 and µl ≥ µt > 0 would ensure pointwise stability. This includes the
case of isotropy, for which µt = µl.
3 Governing equations and weak formulation
Consider a transversely isotropic elastic body occupying a bounded domain Ω ⊂ Rd, d = {2, 3},
with boundary Γ = ΓD ∪ ΓN having exterior unit normal n. Here ΓD is the Dirichlet boundary,
ΓN the Neumann boundary, and ΓD ∩ ΓN = ∅. The equilibrium equation is
− div σ(u) = f (36)
and the boundary conditions are
u = g on ΓD, (37a)
σ(u)n = h on ΓN . (37b)
Here σ is the Cauchy stress tensor defined by equation (5), u is the displacement vector, f is
the body force, g a prescribed displacement, and h a prescribed surface traction.
We denote by H1(Ω) the Sobolev space of functions which, together with their generalized first
derivatives, are square-integrable, and set
V = {u ∈ [H1(Ω)]d; u = 0 on ΓD},
which is endowed with the norm
|| · ||V = ‖ · ‖[H1(Ω)]d .
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We will also use the norm
‖ · ‖[L2(Ω)]d := ‖ · ‖0 .
To take account of the non-homogeneous boundary condition (37a), we define the function
ug ∈ [H1(Ω)]d such that ug = g on ΓD, and the bilinear form a(·, ·) and linear functional l(·)
by
a : [H1(Ω)]d × [H1(Ω)]d → R, a(u,v) =
∫
Ω
σ(u) : ε(v) dx, (38a)
l : [H1(Ω)]d → R, l(v) =
∫
Ω
f · v dx+
∫
ΓN
h · v ds− a(ug,v). (38b)
The weak form of the problem is then as follows: given f ∈ [L2(Ω)]d and h ∈ [L2(ΓN)]d, find
U ∈ [H1(Ω)]d such that U = u+ ug,u ∈ V , and
a(u,v) = l(v) ∀v ∈ V . (39)
We write the bilinear form as
a(u,v) = aiso(u,v) + ati(u,v),
where
aiso(u,v) = λ
∫
Ω
(∇ · u)(∇ · v) dx+ 2µt
∫
Ω
ε(u) : ε(v) dx, (40a)
ati(u,v) = α
∫
Ω
[(M : ε(u))(∇ · v) + (∇ · u)(M : ε(v))] dx+ β
∫
Ω
(M : ε(u))(M : ε(v)) dx
+ γ
∫
Ω
[ε(u)M : ε(v) +Mε(u) : ε(v)] dx. (40b)
Note that aiso(·, ·) and ati(·, ·) are symmetric. The well-posedness of the weak problem requires
the bilinear form to be continuous and coercive, and the linear functional continuous.
Assumption. We assume the coefficients in the elasticity tensor C to satisfy the conditions for
pointwise stability given by (35).
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Continuity. For all u,v ∈ V , we have
|aiso(u,v)| =
∣∣∣∣λ∫
Ω
(∇ · u)(∇ · v) dx+ 2µt
∫
Ω
ε(u) : ε(v) dx
∣∣∣∣
≤ max (λ, 2µt)||u||V ||v||V .
Next, we bound the first term on the right-hand side of (40b) as follows:
α
∣∣∣∣∫
Ω
(M : ε(u))(∇ · v) dx
∣∣∣∣ ≤ α||M : ε(u)||0||∇ · v||0
≤ αCα||ε(u)||0||∇ · v||0
≤ αCα||u||V ||v||V .
The other terms are bounded similarly, and we find that a is continuous; that is,
|a(u,v)| ≤M ||u||V ||v||V , (41)
where
M = C(max (λ, 2µt) + α + β + γ). (42)
Coercivity. For all v ∈ V and 0 ≤ k < 1 we have
a(v,v) =
∫
Ω
σ(v) : ε(v) dx
=
∫
Ω
[(
λ+
2k
3
µt
)
(trε)2 + 2
3
(1− k)µt(trε)2 + 2µt|devε|2 + β(ε : M )2 + 2α(trε)(ε : M )
+ 2γ(ε : εM )
]
dx
≥
∫
Ω
[(
λ+
2
3
kµt
)
(trε)2 + 2
3
(1− k)µt(trε)2 + (β + 2γ)(εa · a)2 + 2α(trε)(εa · a)
+ 2µt|devε|2
]
dx
=
∫
Ω
[
A(k) + 2
3
(1− k)µt(trε)2 + 2µt|devε|2
]
dx (43)
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where
A(k) =
(
λ+
2
3
kµt
)
(trε)2 + (β + 2γ)(εa · a)2 + 2α(trε)(εa · a) . (44)
We note that A(1) = A as defined in (25), and thus A(1) > 0 if the conditions (35) are satisfied.
Since A(k) depends smoothly on k, it follows that A(1 − δ) > 0 for sufficiently small δ > 0.
Choosing such a δ, and k = 1− δ in (43), we obtain
a(v,v) ≥ 2µt
∫
Ω
(
δ|sphε|2 + |devε|2) dx
≥ K ||v||2V , (45)
in which K = 2δCµt, C being a constant arising from Korn’s inequality. Hence a is coercive.
Finally we have, using the trace theorem,
|l(v)| ≤ ||f ||0||v||0 + ‖h‖0,ΓN‖v‖0,Γ +M ||ug||V ||v||V
≤ ||f ||0||v||V + C0‖h‖0,ΓN ||v||V +M ||ug||V ||v||V ,
≤ C||v||V .
Thus the problem (39) has a unique solution.
4 Conforming finite element approximations
Suppose that Ω is polygonal (in R2) or polyhedral (in R3), and partitioned into a shape-regular
mesh comprising ne disjoint subdomains Ωe with boundary ∂Ωe and outward unit normal ne.
Denote by Th := {Ωe}e the set of all elements. We define the discrete space Vh ⊂ V by
Vh = {vh ∈ V ∩ C(Ω¯) | vh|Ωe ∈ [Q1(Ωe)]d,vh = 0 on ΓD}, (46)
where Q1(Ωe) is the space of polynomials on Ωe of degree at most 1 in each component.
The discrete problem corresponding to conforming approximations is as follows: find uh ∈ Vh
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that satisfies
a(uh,vh) = l(vh) ∀vh ∈ Vh. (47)
Since the bilinear form a(·, ·) is continuous and coercive and the linear functional l(·) is continuous,
from standard finite element convergence theory [31] we have
||u− uh||V ≤ C1h, (48)
in which, using (41) and (45), the constant C1 is given by
C1 =
C(max (λ, 2µt) + α + β + γ)
µt
. (49)
From (20), all three parameters λ, α, and β have the same denominator d := (1+νt)((1−νt)p−
2ν2l ). Fixing νl = νt and q = 1, for example, we have
d(p, νt) = (1 + νt)((1− νt)p− 2ν2t ), (50)
which tends to zero as
p→ 2ν
2
t
1− νt .
The limit p = 1 corresponds to the case of isotropy, with the well-known limiting value νt = 1/2,
for which λ becomes unbounded, while α = β = 0. For anisotropic materials, though, for which
p > 1, it is seen from (49) and (50) that the constant C1 in the error bound (48) is bounded,
so that in principle one has uniform convergence. This is illustrated in Figure 2, which shows the
behaviour of C1 as a function of p, for near-incompressibility. This issue will be explored later
numerically, in Section 5.
4.1 Under-integration
The conforming approximation is known to exhibit volumetric locking while usingQ1 elements (see
for example [26]). To overcome locking, we may under-integrate (i.e. use one-point integration)
the terms involving volumetric and extensional deformation. Let x¯ be the integration point and
17
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Figure 2: The error bound constant C1 in (49) against p, with νl = νt = 0.49995 and q = 1
ω¯ the corresponding weight on element Ωe.
The volumetric term
λ
∫
Ωe
(∇ · uh)(∇ · vh) dx
is then replaced with
λ(∇ · uh(x¯))(∇ · vh(x¯))ω¯.
From (20), we see that α is bounded as p→∞ (the inextensional limit), while β →∞ as p→∞.
Thus, in the event of extensional locking with Q1 elements, we will replace the extensional term
β
∫
Ωe
(M : ε(uh))(M : ε(vh)) dx
with
β
(
M : ε(uh(x¯))
)(
M : ε(vh(x¯))
)
ω¯.
One can easily show that one-point integration is the same as projection of the integrands onto
the space of constants. If we define by Π0 the L2-orthogonal projection onto constants, then
under-integrating the volumetric term is the same as replacing it with
λ
∫
Ωe
Π0(∇ · uh)Π0(∇ · vh) dx. (51)
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Similarly, the extensional term is replaced with
β
∫
Ωe
Π0(M : ε(uh))Π0(M : ε(vh)) dx. (52)
Equivalence with perturbed Lagrangian formulation
The perturbed Lagrangian approach takes as a starting point a strain energy of the form
W (ε, T, β) = W iso + T (ε :M )− 1
2β
T 2 (53)
in which W iso denotes that part of the strain energy that leads to (40a), β now plays the role of
a penalty parameter, and T is a Lagrange multiplier. For convenience we assume that α = 0 in
this section. The stress is obtained from
σ =
∂W
∂ε
= σiso + TM (54)
and in addition we have the condition
0 =
∂W
∂T
= ε :M − T
β
. (55)
We show the equivalence of the perturbed Lagrangian formulation, used for example in [20], to
the under-integration formulation (52). In (5) then for T ∈ L2(Ω) the extensional term in the
weak formulation (see (40b)) is ∫
Ω
T (M : ε(v)) dx. (56)
With a test function ϑ ∈ L2(Ω), we can write the weak form of (55) as
∫
Ω
ϑ
(
T − β(M : ε(u))
)
dx = 0.
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The discrete form with uh ∈ Q1(Ωe) and Th, ϑh ∈ P0(Ωe) at element level is∫
Ωe
ϑh (Th − β(M : ε(uh))) dx = 0,
and since Th is constant, we have
Th =
β
|Ωe|
∫
Ωe
(M : ε(uh)) dx.
We substitute in the discrete form of (56) to obtain
∫
Ω
Th(M : ε(vh)) dx =
∑
Ω∈Th
β
|Ωe|
∫
Ωe
(M : ε(uh))
∫
Ωe
(M : ε(vh)) dx
=
β
|Ωe|
∫
Ωe
Π0(M : ε(uh))
∫
Ωe
Π0(M : ε(vh)) dx.
Since M : ε(uh) ∈ P1(Ωe), and is integrated exactly using one-point quadrature, this expression
is the same as (52), so that the perturbed Lagrangian approximation is equivalent to a mixed
Q1 − P0 (uh − Th) formulation, and to under-integration of the extensional term.
5 Numerical tests
In this section, we present the results of numerical simulations of two model problems to illus-
trate the formulations discussed in the preceding sections. All examples are under conditions
of plane strain and based on four- and nine-noded quadrilateral elements with standard bilinear
and biquadratic interpolation of the displacement field. Unless otherwise stated, all examples are
presented for the case of near-incompressibility, i.e. the value of the transversal Poisson’s ratio νt
is close to 0.5. Precisely, we choose νt = 0.49995. We fix the value of the two Poisson’s ratios
to be equal, and also set µl = µt. We consider values of p > 1, so that the conditions (35) for
pointwise stability are satisfied.
Define aˆ := ̂(Ox,a), the angle between the x-axis and the fibre direction a. For each problem,
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the following range of values for aˆ will be considered:
aˆ =
{
0,
pi
8
,
pi
6
,
pi
4
,
pi
3
,
3pi
8
,
pi
2
,
5pi
8
,
3pi
4
,
7pi
8
, pi
}
.
Recall from Section 4.1 that under-integration is equivalent to a perturbed Lagrangian method.
Also, the standard formulation with large β is equivalent to the penalty formulation as in [20].
The results in the examples that follow are for the following element choices:
Q1 CG The standard displacement formulation of order 1
Q2 CG The standard displacement formulation of order 2
Q1 CG UIλ The standard displacement formulation with under-integration of the
volumetric (λ-) term
Q1 CG UIβ The standard displacement formulation with under-integration of the
extensional (β-) term
Q1 CG UIβλ The standard displacement formulation with under-integration of the
volumetric and the extensional terms
5.1 Cook’s membrane
Figure 3: Cook’s membrane geometry and boundary conditions
The Cook’s membrane test consists of a tapered panel fixed on one edge and subject to a shearing
load at the opposite edge as depicted in Figure 3. The applied load is f = 100 and Et = 250. This
test problem has no analytical solution. The vertical tip displacement at corner C is measured.
Figure 4 shows semilog plots of the tip displacement vs p when the fibre direction is at the angle
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Figure 4: Tip displacement vs p for Cook’s membrane problem.
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Figure 5: Tip displacement measured at different fibre orientations, for p = 104
pi/3 for the various element choices. To investigate locking of the proposed formulation, we
compare the results with the results obtained using the standard Q2-element.
In Figure 4a, for moderate values of p (1 ≤ p ≤ 5) the Q1 CG formulation behaves well away
from p = 1, with evidence of locking behaviour as p→ 1. Locking is avoided when the volumetric
term is under-integrated (Q1 CG UIλ). Notice that for Q1 CG UIβ there is still locking, as the
locking is purely volumetric. In Figure 4b, for higher values of p (10 ≤ p ≤ 105), the Q1 CG
method shows locking behaviour as p get bigger, and convergent behaviour with Q1 CG UIβ.
Notice that under-integrating only the volumetric term (Q1 CG UIλ) has no effect since the
locking is purely extensional. Q1 CG UIβλ shows locking-free behaviour everywhere. Figure 5
shows tip displacements for various fibre orientations, where the degree of anisotropy is fixed at
p = 104. The behaviour observed in Figure 4 is evident here over the range of fibre directions.
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5.2 Bending of a beam
Figure 6: Beam geometry and boundary conditions
We consider the beam shown in Figure 6, subject to a linearly varying load along the edge CD.
The horizontal displacement u is constrained at node B, while the node A is constrained in both
directions. The beam has length L = 10 and height H = 2 and the applied load has a maximum
value f = 3000. Here, Et = 1500. The boundary conditions are
u(0, y) = g(y),
v(0,−H
2
) = 0,
where
g(y) = − f
H
S31
(
y2 − H
2
4
)
.
The compliance coefficients Sij are given in the Appendix. The analytical solution is

u(x, y) = −2f
H
(
S11xy +
1
2
S31
(
y2 − H
2
4
))
,
v(x, y) = − f
H
(
S21
(
y2 − H
2
4
)
− S11x2
)
.
The linearly varying load fˆ with maximum f is
fˆ(y) = −2f
H
y.
In Figure 7, which shows semilog plots of tip displacement for different values of p, with the angle
of the fibre direction pi/4, locking behaviour is investigated by comparison with the analytical
solution. The same behaviour as appears for the Cook’s example is seen, i.e. for moderate
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Figure 7: Tip displacement vs p for the beam problem
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Figure 8: Tip displacement measured at different fibre orientations
values of p away from p = 1 (approximately, 1.1 ≤ p ≤ 5), there is locking-free behaviour with
Q1 CG, while locking occurs as p approaches 1. This is overcome by using under-integration
(Q1 CG UIλ) (Figure 7a). For high values of p there is purely extensional locking with Q1 CG,
which is overcome by using Q1 CG UIβ (Figure 7b). Q1 CG UIβλ shows locking-free behaviour
for any value of p. Figure 8 shows tip displacements for various fibre orientations where the
degree of anisotropy is fixed at p = 107. Extensional locking of Q1 CG is observed except for
the angles 0, pi/2. For the angle 0 (= pi), the material is very stiff, relative to the type of loading.
For the angle pi/2 no locking is observed. This can be accounted for by two factors: first, with
this orientation the property of near-inextensibility in the vertical direction has a negligible effect
on the bending-dominated deformation; and secondly, as previously discussed, the presence of
anisotropy serves to circumvent volumetric locking.
The following set of results show behaviour for various fibre orientations, and for values of p =
1.0001, 3 and 104.
Figure 9 shows the H1-error convergence plots for all the formulations considered for p = 1.0001.
Here Q1 CG UIλ and Q1 CG UIβλ show optimal convergence for any fibre direction at the
superlinear rate 1.83. Q1 CG and Q1 CG UIβ show poor convergence. Figure 10 shows the
H1-error convergence plots for all the formulations considered for p = 3. Here, all formulations
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Figure 9: Comparison of H1 errors for conforming and under-integrated elements on quadrilater-
als, for different fibre orientations, and for p = 1.0001
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Figure 10: Comparison of H1 errors for conforming and under-integrated elements on quadrilat-
erals, for different fibre orientations, and for p = 3
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at any fibre direction are superlinearly convergent at rate 1.7. Figure 11 shows the H1-error
convergence plots for all the formulations considered, for p = 104. Figure 11a and Figure
11c show optimal convergence at the rate 1.86 for Q1 CG UIβ and Q1 CG UIβλ, and poor
convergence for Q1 CG and Q1 CG UIλ. In Figure 11b where the fibre direction is at an angle
pi/2, the error plots show convergence at the superlinear rate 1.64 for Q1 CG.
6 Conclusions
The results in this work shed useful light on the relationship between well-posedness and anisotropy
in the context of transverse isotropy, and show that, as far as computational approximations are
concerned, transverse isotropy can have the effect of eliminating volumetric locking behaviour
for moderate values of the anisotropy parameter, but away from its value of unity which would
correspond to isotropy. The use of under-integration in the extensional term follows the well-
established approach used to circumvent volumetric locking; an extensive set of numerical results,
over a range of measures of anisotropy and a range of fibre directions, has shown in this work
that under-integration is robustly locking-free.
The study and development of finite element formulations for incompressible and near-incompressible
behaviour is extensive, with rigorous analyses supporting a range of stable and convergent element
choices, whether with the use of mixed and enhanced formulations, equivalent under-integration
schemes, or discontinuous Galerkin approaches, to mention some examples. A corresponding
framework is lacking in the case of near-inextensibility. The work reported here is intended to
contribute to that framework. Further investigations will involve the analysis and implementation
of mixed and discontinuous Galerkin formulations.
There have been a substantial number of investigations of near-inextensible behaviour under
large-strain conditions. It is clear from these studies, which were referred to in the Introduction,
that the large-deformation problem presents features and challenges, some of which are absent
in the small-strain regime. It is intended to build on these investigations and the work reported
here, in exploring theoretically and computationally the large-deformation problem.
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Figure 11: Comparison of H1 errors for conforming and under-integrated elements on quadrilat-
erals, for different fibre orientations, and for p = 104
30
Appendix
For plane strain, the strain-stress relationship for a transversely isotropic material, with fibre
direction a = ( a1a2 ), is 
ε11
ε22
2ε12
 =

S11 S12 S13
S12 S22 S23
S13 S23 S33


σ11
σ22
σ12
 ,
where
S11 =
1
detC
[(
λ+ 2µt + 2(γ + α)a
2
2 + βa
4
2
)(
µt +
γ
2
+ βa21a
2
2
)− ((α+ γ)a1a2 + βa1a32)2]
S12 =
1
detC
[(
(α+ γ)a1a2 + βa
3
1a2
)(
(α+ γ)a1a2 + βa1a
3
2
)− (λ+ α+ βa21a22)(µt + γ2 + βa21a22)]
S13 =
1
detC
[(
λ+ α+ βa21a
2
2
)(
(α+ γ)a1a2 + βa1a
3
2
)− ((α+ γ)a1a2 + βa31a2)(λ+ 2µt + 2(γ + α)a22 + βa42)]
S22 =
1
detC
[(
λ+ 2µt + 2(γ + α)a
2
1 + βa
4
1
)(
µt +
γ
2
+ βa21a
2
2
)− ((α+ γ)a1a2 + βa31a2)2]
S23 =
1
detC
[(
λ+ α+ βa21a
2
2
)(
(α+ γ)a1a2 + βa
3
1a2
)− (λ+ 2µt + 2(γ + α)a21 + βa41)((α+ γ)a1a2 + βa1a32)]
S33 =
1
detC
[(
λ+ 2µt + 2(γ + α)a
2
1 + βa
4
1
)(
λ+ 2µt + 2(γ + α)a
2
2 + βa
4
2
)− (λ+ α+ βa21a22)2]
with
1
detC
=
(
λ+ 2µt + 2(γ + α)a
2
1 + βa
4
1
)[(
λ+ 2µt + 2(γ + α)a
2
2 + βa
4
2
)(
µt +
γ
2
+ βa21a
2
2
)
− ((α+ γ)a1a2 + βa1a32)2]
− (λ+ α+ βa21a22)[(λ+ α+ βa21a22)(µt + γ2 + βa21a22)
− ((α+ γ)a1a2 + βa31a2)((α+ γ)a1a2 + βa1a32)]
+
(
(α+ γ)a1a2 + βa
3
1a2
)[(
λ+ α+ βa21a
2
2
)(
(α+ γ)a1a2 + βa1a
3
2
)
− ((α+ γ)a1a2 + βa31a2)(λ+ 2µt + 2(γ + α)a22 + βa42)].
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